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Abstract 
This study analyzed the association between the coefficient of permeability of clayey sealing materials and their tortuosity. 
Montmorillonite was selected because it is used as a barrier in geo-environmental projects and its sensitive structure results in 
wide variations in permeability when in contact with pore fluids. A DEM code was developed by considering mechanical force, 
diffuse double layer repulsion, and Van der Waals attraction as the inter-particle interaction. The coefficient of permeability was 
calculated by simulating a consolidation test and the DEM simulations were compared with experimental data. The results 
showed that the coefficient of permeability decreased as the void ratio decreased. At the same void ratio, there was a deviation 
between the coefficient of permeability for clay-electrolyte systems caused by the micro-fabric and variations in tortuosity. 
Micro-fabric evolution during loading showed that increasing the stress state caused reorientation of the particles perpendicular 
to the direction of loading and increased anisotropy of the particle orientation, increasing the tortuous flow path. 
© 2014 The Authors. Published by Elsevier Ltd.  
Selection and peer-review under responsibility of Chinese Society of Particuology, Institute of Process Engineering, Chinese 
Academy of Sciences (CAS). 
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1. Introduction 
Compacted active clays are used as barriers in geo-environmental projects because of their low permeability and 
high buffering capacity [1]. The chemical compatibility of compacted soil has been of concern to geotechnical 
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engineers and soil scientists since the early 1980’s when serious leakage of hazardous chemicals was discovered in 
underground burial facilities [2]. 
Changes in hydraulic conductivity are usually postulated to be the result of micro-fabric changes caused by pore 
fluid chemistry [3]. Olsen [4] investigated the effect of pore fluid, stress level and void ratio on clay hydraulic 
conductivity. Mesri and Olson [5] showed that hydraulic conductivity varies for different pore fluids at the same 
void ratio. It has been shown that clay hydraulic conductivity is strongly dependent upon the type of microfabric. 
This means that microstructural methods are the best approach for monitoring their behavior [6]. 
Although experimental methods enhance understanding of clay behavior, there are limitations to controlling all 
parameters that could influence results, especially since experimental tools cannot systematically evaluate the 
microfabric and particle rearrangement [7]. A common numerical procedure for simulating soil behavior at the 
microscopic level is the discrete element method (DEM) [8], which has been used as a virtual laboratory [7]. 
Because of the discontinuous nature of soil, researchers have tested the use of DEM models to simulate non-
cohesive soils [9] and cohesive soils [10-13]. The good agreement between DEM simulations and experimental 
results indicate that DEM models are powerful tools for modeling clay behavior [14,15]. The authors recently used 
DEM models to simulate one-dimensional compression behavior in montmorillonite [16,17]. 
Past studies quantified the effect of void ratio and stress level on clay hydraulic conductivity in contact with pore 
fluid [18]. Differences in permeability at the same void ratio in the results have been explained by differences in 
particle arrangement and tortuosity; however, particle rearrangement and variation in their tortuosity have not been 
quantified. This paper used DEM to systematically examine changes in the coefficient of permeability of 
montmorillonite at different pore fluid compositions and stress levels. Variation in tortuosity was evaluated by 
tracing microfabric anisotropy.  
2. Theory 
The Kozeny-Carman (KC) equation is a widely-used relationship between the physical properties of a fluid, soil 
mass and saturated hydraulic conductivity [19,20] as shown in Eq. 1: 
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where γ is fluid density, η is fluid viscosity, S is specific surface, τ is tortuosity, and e is void ratio. Laboratory 
studies have shown that the KC equation can predict the permeability of  sands and clays with some modification 
[39-43]. If the density and viscosity of the pore fluid remain the same during leaching for a mineral (constant SSA), 
then: 
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where the subscripts 1 and 2 are used to denote the type of pore fluid. In Eq. 2, porosity and tortuosity control the 
clay coefficient of permeability in contact with various pore fluid chemistries [4]. Inter-particle and intra-particle 
pores usually exist at the representative elementary volume (REV) [6]. These pores are categorized based on the 
shape and size of the clay particles (Fig. 1). The basic structure of clay minerals is a combination of bound alumina 
and silica sheets, as illustrated in Fig. 1. Tortuosity affects the permeability of porous media. It is defined as the 
effective (or actual) length Le of the path of hydraulic flow passing through a unit length L of a medium as depicted 
in Eq. 3. Thus Le is always greater than L [20]. 
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Fig. 1. Basic unit cell, sheet and cluster of clay particles for REV and different pore sizes. 
In granular media, the shape of the particles, packing method and angularity are the most important parameters 
affecting tortuosity [20]. There is no direct experimental method to investigate tortuosity as there is for 
microstructural parameters such as specific surface area, porosity or pore size distribution [21]. 
The parameters affecting the tortuous flow path through cluster pores is similar to that for granular material, as 
illustrated schematically in Fig. 2. Tortuosity depends on void ratio and the size and form of the clusters [20]. The 
flow path through an oriented arrangement of particles (Fig. 3c) has a higher value than that for a random 
arrangement (Fig. 3a).  
  
Fig. 2. Tortuous flow path between clusters Fig. 3. Tortuous flow path through intra-particle pores for different particle arrangements. 
 
Olsen [4] defined a relationship between tortuosity, particle dimensions, particle angle and porosity (e) as shown 
in Eq. 4. Parameters a, b and θ are defined in Fig. 4, where θ is the angle between flow direction and particle 
orientation. In the proposed model, increased length/width ratio and increased parallel particles leads higher 
tortuosity. 
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The dimension of clay minerals a and b can be estimated from previous studies and XRD analysis [22]. In this 
study, a DEM model was used to measure change in the angle of the particles during compression to investigate the 
effect of void ratio and particle angle on tortuosity. 
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Fig. 4. Model and parameters for tortuous flow paths within intra-cluster particles. 
3. Simulation Method 
The primary numerical method used in previous studies to simulate soil behavior is the discrete element method. 
This method is popular among soil engineers, especially for granular media, to address the discontinuous nature of 
soil [7]. In contrast to granular materials, there are mechanical forces between clay minerals and physico-chemical 
interactions between them. The diffused double layer (DDL) repulsion and Van der Waals attraction are the main 
forces between clay minerals based on their SSA, CEC and pore fluid chemistry [22]. The authors have recently 
developed a new method to use a DEM algorithm to model clay behavior considering inter-particle forces [17]. The 
coefficient of permeability is calculated by fitting the Terzaghi theory of consolidation [23] to the observed 
numerical one-dimensional consolidation time-settlement observation. The coefficient of permeability is then 
extracted from the calculated coefficient of consolidation using the logarithmic method. By comparing the measured 
and computed coefficients of permeability on remolded and disturbed samples, Mesri and Olsen [5] have shown that 
the calculated coefficient of permeability using the Terzaghi method are low by 5%-20%.  
4. Analysis 
To simulate the compressibility behavior of montmorillonite, a 1400 × 1400 nm box similar to that of a classic 
oedometer test was confined by four walls. The walls were assumed to be rigid with transitional deformation. Then, 
discrete clay elements with random locations and orientations are automatically placed within the box using a 
computer random-generator algorithm. The cation exchange capacity and SSA of montmorilonite are assumed to be 
100 meq/100 g and  800 m2/g, respectively [24]. The initial assembly of clay particles is shown in Fig. 5.  
Salt concentration and type of exchangeable cations are the most important parameters influencing clay 
microstructure, changing the permeability [25]. The initial assembly (Fig. 5) is similar to dry clay with no physico-
chemical and mechanical interactions between particles. When the repulsive, attractive and mechanical forces are 
turned on, the interparticle forces are activated and minerals submerged in an electrolyte are simulated. A new 
arrangement is then induced based on the new inter-particle forces. Particles move and the distance between 
neighboring particles changes until equilibration between mechanical and physico-chemical forces accrues [10]. This 
stage is called relaxation. The assembly arrangement after relaxation is shown in Fig. 6. A comparison of Figs. 5 and 
6 show that the distribution of spacing between adjacent particles in Fig. 6 is more uniform than the initial assembly 
in Fig. 5.  
To simulate one-dimensional compression, the horizontal boundaries are moved vertically at a prescribed velocity 
to reach to the needed strain. The quasi-static simulations are checked by controlling the unbalanced force. To 
prevent numerical instability, the relaxation mode is activated without wall movement after each loading step. An 
example of the assembly after consolidation is presented in Fig. 7.  
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Contact detection between adjacent particles is the most challenging aspect of this simulation. For this purpose, a 
computer code was developed to find particles in repulsive, attractive and mechanical contact forces [16,17]. Based 
on the common DEM validation methods, verifications were performed for the present model and are presented 
elsewhere [16]. 
 
 
 
 
Fig. 5. Initial assembly of clay particles. Fig. 6. Particle arrangement after relaxation 
  
Fig. 7. Particle arrangement after consolidation Fig. 8. Consolidation curve for Na-montmorillonite. 
5. Results and Validation 
Fig. 8 shows a sample of the consolidation (e-log p) curves for Na-montmorillonite with the results of the DEM 
simulation and existing experimental data. In this study, the void ratio was calculated using Eq. 5 where A is the 
total area of the particle assembly, Li is the particle length and di is the thickness of the particle. 
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The thickness of the particle depends on the SSA. Incompatibility between theoretical considerations and the SSA 
for samples in the laboratory causes minor deviation between the DEM results and experimental data. 
As mentioned, the coefficients of permeability were calculated using simulated consolidation curves for various 
pore fluids and the Terzaghi method. The details of the other consolidation curves have been discussed elsewhere 
[16]. 
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One advantage of a DEM simulation is the capacity to measure particle rearrangement during simulation. Particle 
orientation histograms were determined at each step of loading to monitor the particle microstructure during 
compression. This histogram has an angular distribution that can be drawn as a rose diagram giving the number of 
particles as a function of orientation. A histogram of the initial angle of the particles is illustrated in Fig. 9. It can be 
seen that, at the initial configuration, the particles were randomly generated and the histogram forms an approximate 
circle. Fig. 10 illustrates the particle histograms after compression up to 1000 kPa. The assemblies are compressed 
and reoriented and, by increasing the vertical pressure, the particles rotate to an orientation perpendicular to the 
loading direction and the intensity of their orientation increases along the horizontal axes. 
   
Fig. 9. Micro-fabric histogram in initial state. 
 
Fig. 10. Micro-fabric histogram after 
compression up to (P=1000 kPa). 
Fig. 11. Permeability-void ratio curve for 
Na-montmorillonite by salt concentration. 
   
Fig. 12. Permeability-void ratio curve for Ca-
montmorillonite. 
Fig. 13. Permeability-void ratio curve 
montmorillonite for different salts 
for Na  
Fig. 14. Relationship between permeability, 
void ratio and vertical pressure  for Na-
montmorillonite. 
To quantify the change in orientation of the particles during consolidation, a fabric tensor was used [64]: 
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where N is the number of particles in volume V and n = (n1, n2) is the unit vector along the particle orientation. 
The coefficient M defined in Eq. 7 represents the anisotropy of the particle orientation, where subscripts 11 and 22 
are considered along the horizontal and vertical axes, respectively [26]. 
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Initially, the particles are randomly oriented and the anisotropy coefficient in the horizontal orientation (A = 
0.248) is approximately as same as for the vertical orientation (A22 = 0.254); thus,   and the assembly distribution is 
isotropic. The relationship between void ratio and coefficient of permeability for montmorillonite is depicted in Figs. 
11-13. The dashed lines are the measured coefficients of permeability reported by Mesri and Olson [5] that were 
calculated using the Terzaghi method [25]. It can be observed from the compatibilities in the consolidation curves 
that the coefficients of permeability calculated using DEM results are in acceptable agreement with the experimental 
data.  
  
Fig. 15. Relationship between anisotropy, void ratio and vertical 
pressure for Na-montmorillonite. 
Fig. 16. Relationship between anisotropy, void ratio and vertical 
pressure for Ca-montmorillonite. 
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Fig. 17. Relationship between anisotropy, coefficient of 
permeability (k) and vertical pressure for Na-Montmorillonite. 
Fig. 18. Void ratio vs. anisotropy for montmorillonite with 0.001 M 
and 0.01 M sodium. 
  
Fig. 19. Void ratio vs. anisotropy for montmorillonite with 0.1 M 
and 0.01 M sodium. 
Fig. 20. Measured relative coefficient of permeability against the 
calculated value. 
 
Fig. 14 shows the permeability-void ratio and permeability-vertical pressure curves for Na-montmorillonite. 
These indicate that permeability decreases as vertical pressure increases and increases when porosity increases, as 
shown in Eq. 2. Figs. 15 and 16 show the relationship between the micro-fabric of the particles, volume change 
behavior and the coefficient of permeability. Fig. 15 depicts the relationship between the anisotropy of particle 
orientation, void ratio and vertical pressure for Na-Montmorillonite and Fig. 16 depicts this for Ca-montmorillonite. 
The relationships between the anisotropy of the particle orientation, permeability and vertical pressure for Na-
montmorillonite are depicted in Fig. 17. These results show that the coefficient of permeability decreases as the 
anisotropy increases because of the reduction in the void ratio. 
6. Discussion 
The KC equation shows that porosity is the main parameter controlling the variation of the coefficient of 
permeability. An important question is how the coefficient of permeability changes at the same void ratio for two 
pore fluids. Fig. 11 shows that, at a void ratio of 5, the coefficient of permeability for Na-montmorillonite is about 2 
× 10-10 cm/s at 0.1 M salt concentration and 8 × 10-11 cm/s at 0.001 M. This means that the permeability for 
montmorillonite at 0.1 M electrolyte concentration is 2.5 times higher than for 0.001M. Mesri and Olson [5] 
qualitatively suggest that this difference at the same void ratio depends on the micro-fabric of the particles and 
tortuosity. To date, only qualitative investigations have been done on the influence of particle reorientation during 
compression. 
A DEM model was used in this study to calculate the influence of  particle reorientation on the coefficient of 
permeability. For this purpose, the anisotropy of the particle orientation (M) was plotted against the void ratio for 
various electrolyte concentrations (Figs. 18 and 19). As can be seen, at the same void ratio, particle anisotropy 
differed. For example, at a void ratio of 5, anisotropy was about 25 for a 0.01 M electrolyte concentration and 65 for 
a 0.001 M electrolyte concentration. It can be suggested that the difference in the coefficient of permeability for the 
two types of electrolytes can be explained by the difference in the anisotropy of particle orientation. To measure this, 
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a method was proposed in this study for calculating the relative coefficient of permeability for montmorillonite for 
two types of pore fluid. Using Eq. 2 and the same void ratio for the two clay-electrolyte systems, the ratio of the 
coefficient of permeability can be expressed as: 
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Using Eqs. 7,8 and 9, particle anisotropy can be written as: 
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The relationship between the anisotropy of the particle orientation (M) and angle can then be written as: 
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The difference between tortuosity for two clay-electrolyte systems is a function of the particle orientation 
anisotropy. Therefore the difference between coefficients of relative permeabilities for two clay-electrolyte systems 
is also a function of particle orientation anisotropy: 
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where a is a constant in the equation. In order to verify the above proposed equation, the measured coefficient of 
permeability ratios for the clay-electrolyte systems at the same void ratio were plotted against the calculated 
permeability ratios ( Eq. 13), as depicted in Fig. 20. The horizontal axis shows the measured relative coefficients of 
permeability for various clay-electrolyte systems. The vertical axis shows the calculated ratios of the relative 
coefficients of permeability using Eq. 13 and their anisotropies.  
7. Conclusion 
A series of DEM simulations was presented to model the effect of porosity and tortuosity on the coefficient of 
permeability for montmorillonite. The simulation results were verified using experimental data and good agreement 
was found. The results show that the coefficient of permeability directly depends on the void ratio. Increasing 
porosity increases the coefficient of permeability.  
Past studies have hypothesized that this is a result of variation in the tortuous flow based on the micro-fabric of 
the clay. To test this theory, a novel approach was presented for determining tortuosity based on particle 
reorientation during consolidation when in contact with various pore fluids. Changes in the micro-fabric during 
loading were regularly traced and the anisotropy of the particle orientation (M) determined. The results show that 
increasing the stress state reorients the particles perpendicular to the direction of loading, increases the anisotropy of 
the particle orientation and the tortuous flow paths. Thus, at the same void ratio, an oriented or dispersed structure 
occurs for different clay-electrolyte systems, causing variation in the coefficient of permeability. 
By using the Kozeny-Carman equation, a new formula (Eq. 13) has been proposed to calculate the relative 
coefficient of permeability for two clay-electrolyte systems based on the anisotropy of particle orientation. This 
equation can be used to show compatibility for a range of void ratios for the predicted  and measured coefficients of 
permeability. 
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